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Abstract. Granger causality (GC) is one of the most popular measures to re-
veal causality influence of time series and has been widely applied in economics
and neuroscience due to its simplicity and easy implementation. In this paper, we
show that GC in time domain cannot correctly determine how strongly one time
series influences the other when there is directional causality between two time
series, that is, a larger GC value does not necessarily mean higher real causality,
or vice versa. On the other hand, we propose one novel causality measure in time
domain for the linear regression model, called new causality, which is more rea-
sonable and understandable than the traditional GC. Especially, from one simple
example we point out that in time domain both of new causality and GC adopt
the concept of proportion, but they are defined on two different equations where
one equation (for GC) is only part of the other equation (for new causality), thus,
new causality is a natural extension of GC and has a sound conceptual/theoretical
basis, and GC is not the desired causal influence at all. By several examples we
confirm that new causality measure has distinct advantages over GC. The pro-
posed new causality measure may have wide potential applications in economics
and neuroscience.
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1 Introduction

Given a set of time series, how to define causality influence among them has been a
topic for over two thousand years and has yet to be completely resolved. In the litera-
ture one of the most popular definitions for causality is Granger causality (GC). Due to
its simplicity and easy implementation, GC has been widely used. The basic idea of GC
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was originally conceived by Wiener [1] and later formalized by Granger in the form of
linear regression model [2]. It can be simply stated as follows: if the variance (σ2

ε1 ) of
the prediction error for the first time series at the present time is not less than the vari-
ance (σ2

η1 ) of the prediction error by including past measurements from the second time
series in the linear regression model, then the second time series can be said to have a
causal (driving) influence on the first time series. Reversing the roles of the two time se-
ries one repeats the process to address the question of driving in the opposite direction.
GC value of ln(σ2

ε1/σ
2
η1) is defined to describe the strength of the causality which the

second time series has on the first one [3]–[5], [6], [7]. From GC value, it is clear that
(i) ln(σ2

ε1/σ
2
η1) = 0 when there is no causal influence from the second time series to

the first one and ln(σ2
ε1/σ

2
η1) > 0 when there is; (ii) the larger the value of ln(σ2

ε1/σ
2
η1),

the higher causal influence. In recent years there has been significant interest to discuss
causal interactions between brain areas which are highly complex neural networks. For
instance, with GC analysis Freiwald et al. [8] revealed the existence of both uni- and
bi-directional influences between neural groups in the macaque inferotemporal cortex.
Hesse et al. [6] analyzed EEG data from the Stroop task and disclosed that conflict sit-
uations generate dense webs of interactions directed from posterior to anterior cortical
sites and the web of directed interactions occurs mainly 400 ms after the stimulus onset
and lasts up to the end of the task. Roebroeck et al. [9] explored directed causal influ-
ences between neuronal populations in fMRI data. Oya et al. [7] demonstrated causal
interactions between auditory cortical fields in humans through intracranial evoked po-
tentials to sound. Gow et al. [10] applied Granger analysis to MRI constrained MEG
and EEG data to explore the influence of lexical representation on the perception of am-
biguous speech sounds. Gow et al. [11] showed a consistent pattern of direct posterior
superior temporal gyrus influence over sites distributed over the entire ventral pathway
for words, non-words, and phonetically ambiguous items. Although above wide appli-
cations of GC, in this paper we will show inherent shortcomings of GC.

This paper is organized as follows. GC is introduced in Section 2. New causality is
presented in Section 3. Concluding remarks are given in Section 4.

2 Granger Causality in Time Domain

In this section we introduce the well-known Granger causality.
Given two stochastic process X1(t) and X2(t) which are assumed to be jointly

stationary. Their autoregressive representations are described as




X1,t =
m∑
j=1

a11,jX1,t−j + ε1,t

X2,t =
m∑
j=1

a22,jX2,t−j + ε2,t

(1)

and their joint representations are described as




X1,t =
m∑
j=1

a11,jX1,t−j +
m∑
j=1

a12,jX2,t−j + η1,t

X2,t =
m∑
j=1

a21,jX1,t−j +
m∑
j=1

a22,jX2,t−j + η2,t

(2)
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where t = 0, 1, · · · , N , the noise terms are uncorrelated over time, εi and ηi have zero
means and variances of σ2

εi and σ2
ηi , i = 1, 2. The covariance between η1 and η2 is

defined by ση1η2 = cov(η1, η2).
Now consider the first equalities in (1) and (2). According to the original formula-

tions in [1] and [2], if σ2
η1 is less than σ2

ε1 in some suitable statistical sense, then X2

is said to have a causal influence on X1. In this case, the first equality in (2) is more
accurate than that in (1) to estimate X1. Otherwise, if σ2

η1 = σ2
ε1 , then X2 is said to

have no causal influence on X1. In this case, the two equalities are almost same. Such
kind of causal influence called Granger causality (GC) [3], [5], can be defined by

FX2→X1 = ln
σ2
ε1

σ2
η1

. (3)

Obviously,FX2→X1
= 0 when there is no causal influence fromX2 toX1 andFX2→X1

>
0 when there is. Similarly, the causal influence from X1 to X2 is defined by

FX1→X2
= ln

σ2
ε2

σ2
η2

. (4)

In general GC is useful to show whether or not theoretically there is directional
interaction between two neurons or among three neurons. When there exists causal
influence, a question is arising: does GC value reveals the real strength of causality? to
answer this question, let’s consider the following simple model

{
X1,t = a12,1X2,t−1 + η1,t

X2,t = a21,1X1,t−1 + η2,t
(5)

where η1 and η2 are two independent white noise processes with zero mean and a12,1a21,1 6=
0. From Model (5) one can get

X1,t = a12,1(a21,1X1,t−2 + η2,t−1︸ ︷︷ ︸) + η1,t = a12,1a21,1X1,t−2 + a12,1η2,t−1 + η1,t.

(6)X2,t−1

So, GC value

FX2→X1
= ln

a2
12,1σ

2
η2 + σ2

η1

σ2
η1

= − ln

(
1− a2

12,1σ
2
η2

a2
12,1σ

2
η2 + σ2

η1

)
∈ [0,+∞) (7)

or equivalently,

FX2→X1
=

a2
12,1σ

2
η2

a2
12,1σ

2
η2 + σ2

η1

∈ [0, 1] (8)

which is only related to the last two noise terms and has nothing to do with the first term.
It is noted that all of three terms make contributions to currentX1,t, and a12,1a21,1X1,t−2

must have causal influence on X1,t and must be considered to illustrate real causality.
Especially, when σ2

η2 = 0, we have X1,t = a12,1a21,1X1,t−2 + η1,t and FX2→X1
= 0.

Since a21,1X1,t−2 comes from X2,t−1 we can surely know that X2 has real nonzero
causality on X1 due to a12,1a21,1 6= 0. Thus, GC value may not reveal real causality at
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all. As such, the definition has its inherent shortcomings and/or limitations to illustrate
the real strength of causality. These comments are summarized in the following remark.

Remark 1. (i) When there is causality from X2 to X1, FX2→X1
varies in (0,+∞).

GC may not correctly reveal the real strength of causality. Thus, it is hard to say how
much influence is caused only based on value of FX2→X1 . For example, for two sets of
different time series {X1, X2} and {X̄1, X̄2}, their GC values may not be comparable.
When FX2→X1

= 1 and FX̄2→X̄1
= 10, we cannot say that the influence caused from

X2 to X1 in the set of time series {X1, X2} is smaller than that caused from X̄2 to X̄1

in the set of time series {X̄1, X̄2}. As such, smaller value of FX2→X1
does not mean

X2 has less causal influence on X1. Thus, for actual physical data when one obtains
a small value of FX2→X1 (e.g., FX2→X1 = 0.1), it does not mean that there is no
causality from X2 to X1 and the causal influence from X2 to X1 can be ignored. On
the contrary, when one obtains a large value of FX2→X1

(e.g., FX2→X1
= 1 which

can be ignored compared to FX2→X1
= +∞ ), it does not mean that there is strong

causality from X2 to X1. Let’s take a look at the following two models:
{
X1,t = 0.8X1,t−1 − 0.8X2,t−1 + η1,t

X2,t = 0.8X2,t−1 + η2,t
(9)

and {
X1,t = −0.8X2,t−1 + η3,t

X2,t = 0.8X2,t−1 + η2,t
(10)

where η1, η2, η3 are three independent white noise processes with zero mean and vari-
ances σ2

η1 = 0.005, σ2
η2 = 1, σ2

η3 = 0.01. For Model (9) we can obtain GC FX2→X1
=

4.86. For Model (10) we can obtain GC FX2→X1 = 4.18. In Model (9) the noise term
η1 has smaller variance σ2

η1 so that a little change (compared to σ2
η1 ) of the variance of

the residual ε1 of the estimated autoregressive representation model for X1 may lead to
a bigger GC value (see GC definition in (3)) as shown in FX2→X1

= 4.86. Similar anal-
ysis holds for Model (10). Therefore, it seems that both of GC values are “intuitively
reasonable” based on GC definition. Now a question is arising: Does the “reasonable”
GC value correctly reflects the real strength of causality? Unfortunately, the answer is
No. Note that a)X2 is same in Model (9) and (10), b)X1 is driven byX2 in Model (10),
c)X1 is driven byX1 andX2 in Model (9), and d) influence from η1 or η3 is very small
and can even be ignored because of their small variances, thus intuitively we can draw
a conclusion that the real causality from X2 to X1 in Model (9) should be weaker than
that from X2 to X1 in Model (10). However, FX2→X1 = 4.86 for Model (9) is larger
than FX2→X1 = 4.18 for Model (10). As such, the traditional GC may not be reliable at
least at above two cases; that means the resulting GC value may not be true to reflect the
real strength of causality. Hence, in general, GC value is questionable to reveal causal
influence between two neurons and may result in misleading interpretation.

3 New Causality

Due to the above mentioned shortcomings and/or limitations of GC, we next give a new
definition for causality anaylsis of multivariate time series. Let’s consider the following
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general model:




X1,t =
m∑
j=1

a11,jX1,t−j +
m∑
j=1

a12,jX2,t−j + · · ·+
m∑
j=1

a1n,jXn,t−j + η1,t

X2,t =
m∑
j=1

a21,jX1,t−j +
m∑
j=1

a22,jX2,t−j + · · ·+
m∑
j=1

a2n,jXn,t−j + η2,t

...

Xn,t =
m∑
j=1

an1,jX1,t−j +
m∑
j=1

an2,jX2,t−j + · · ·+
m∑
j=1

ann,jXn,t−j + ηn,t

(11)

where Xi(i = 1, · · · , n) are n time series, t = 0, 1, · · · , N , ηi has zero mean and vari-
ance of σ2

ηi and σηiηk = cov(ηi, ηk), i, k = 1, · · · , n. Based on equation (11), Figure 1

clearly shows contributions toXk,t, which include
m∑
j=1

ak1,jX1,t−j , · · · ,
m∑
j=1

akn,jXn,t−j

and the noise term ηk,t where the influence from
m∑
j=1

akk,jXk,t−j is causality from

Xk’s own past values. Each contribution plays an important role in determining Xk,t.

If
m∑
j=1

aki,jXi,t−j occupies larger portion among all those contributions, then Xi has

stronger causality on Xk, or vice versa. Thus, a good definition for causality from Xi

to Xk in time domain should be able to describe what proportion Xi occupies among
all these contributions. This is a general guideline for proposing any causality method

m∑

j=1

ak1,jX1,t−j

m∑

j=1

akn,jXn,t−j

∑...
Xk,t

ηk,t

Fig. 1. Contributions to Xk,t.

(i.e., all contributions must be considered). For equation (6), let’s define

η̄t
∆
= a12,1η2,t−1 + η1,t (12)

which is summation of two noise terms and each noise term makes contributions to η̄.
To describe what proportion η2 occupies in η̄, we define

a2
12,1

N∑
t=1

η2
2,t−1

a2
12,1

N∑
t=1

η2
2,t−1 +

N∑
t=1

η2
1,t

=
a2

12,1σ
2
η2

a2
12,1σ

2
η2 + σ2

η1

(13)
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which is the same as GC defined in (8). Therefore, here in nature GC is actually defined
based on the noise model (12) and follows the above guideline. Motivated by this idea,
we can naturally extend the noise model (12) to the k-th equation of Model (11) and
define a new direct causality from Xi to Xk as follows:

n
Xi

D→Xk
=

N∑
t=m

(
m∑
j=1

aki,jXi,t−j

)2

n∑
h=1

N∑
t=m

(
m∑
j=1

akh,jXh,t−j

)2

+
N∑
t=m

η2
k,t

. (14)

When N is large enough,

N∑

t=m

η2
k,t =

N∑

t=1

η2
k,t −

m∑

t=1

η2
k,t = Nσ2

ηk
−

m∑

t=1

η2
k,t ≈ Nσ2

ηk
.

Then, (14) can be approximated as

N∑
t=m

(
m∑
j=1

aki,jXi,t−j

)2

n∑
h=1

N∑
t=m

(
m∑
j=1

akh,jXh,t−j

)2

+Nσ2
ηk

. (15)

Throughout the paper, we always assume that N is large enough so that n
Xi

D→Xk
is

always defined as (15).
New causality based on (6) can be written as

n
X2

D→X1
=

N∑
t=1

(a12,1X2,t−1)
2

N∑
t=1

(a12,1X2,t−1)
2

+
N∑
t=1

η2
1,t

=

N∑
t=1

(a12,1X2,t−1)
2

N∑
t=1

(a12,1X2,t−1)
2

+Nσ2
η1

, (16)

which describes what proportion X2 occupies among two contributions in X1 (see (6)).
Note that for (6) GC FX2→X1

is proposed based on Model (12) and describes what pro-
portion η2 occupies among two contributions in η̄ (see (13)). Thus GC actually reveals
causal influence from η2 to η̄, it does not reveal causal influence fromX2 toX1 at all by
noting that η̄ is only partial information of X1, i.e., the noise terms a12,1η2,t−1 + η1,t.
One can see that new causality definition based on (6) is a natural extension of GC def-
inition based on (12) as far as the concept of proportion is concerned (in this way, our
new causality definition has a rather sound conceptual or theoretical basis). But, as said
above, the equivalent GC describes what the proportion η2 occupies in η̄ of (12) and
new causality describes what the proportion X2 occupies in X1 of (6). Thus, they are
two totally different concepts, that is, the equivalent GC reveals causal influence from
η2 to η̄, but new causality indeed reveals causal influence from X2 to X1. Obviously,
one cannot use causal influence value from η2 to η̄ (involving partial information of
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X1, i.e., the noise terms a12,1η2,t−1 + η1,t) to express causality influence value from
X2 to X1 (involving complete information, i.e.,the noise terms a12,1η2,t−1 + η1,t plus
a12,1a21,1X1,t−2). Any causality definition (like traditional GC) only using partial in-
formation of X1 inevitably leads to misinterpretation result. In general, we can make
some key comments in the following remark.

Remark 2: (i) It is easy to see that 0 ≤ n
Xi

D→Xk
≤ 1 and n

Xi
D→Xk

= 0 if and only if
aki,j ≡ 0. Moreover, it is meaningful and understandable that larger new causality value
reveals larger causal influence for different sets of bivariate time series. Thus, in this
way, using the thickness of arrows to represent the strength of the connections makes
much sense. As pointed out in (i) of Remark 1, larger GC value does not necessarily
reveals larger causal influence for different sets of bivariate time series. Hence, if one
uses thickness to represent strength of connections based on GC values for different
sets of bivariate time series, it may not make sense. However, unfortunately almost
all researchers did in this way after calculating GC values for different sets (pairs) of
bivariate time series.

(ii) For Model (9) and Model (10), we can get n
X2

D→X1
= 0.110 and 0.994, respec-

tively. For Model (10), n
X2

D→X1
= 0.994 means that influence from noise term η3 to

X1 is very small and X1 is almost completely driven by X2. Hence, the real causality
from X2 to X1 for Model (9) is very close to that for the following model

{
X1,t = −0.8X2,t−1

X2,t = 0.8X2,t−1 + η2,t
(17)

whose real causality fromX2 toX1 obviously equals to 1. The causality value n
X2

D→X1
=

0.994 correctly reveals the real causality from X2 to X1 for Model (9) which is close to
1. For Model (10) we can easily show that influence from noise term η1 to X1 is very
small compared to the causal influence from X2 to X1 and X1 is almost completely
driven by X1 and X2. Hence, the real causality from X2 to X1 for Model (10) is very
close to that for the following model

{
X1,t = 0.8X1,t−1 − 0.8X2,t−1

X2,t = 0.8X2,t−1 + η2,t.
(18)

where X1’s past value also plays contribution to X1’s current value. Comparing Model
(17) to Model (18) one can clearly see that the real causality from X2 to X1 for Model
(18) is surely weaker than that for Model (17). By noting small variances of the noise
terms, this is why we mention to the intuitive conclusion for Model (9) and Model (10)
pointed in (i) of Remark 1. The causality value n

X2
D→X1

= 0.110 for Model (9) is
smaller than the causality value n

X2
D→X1

= 0.994 for Model (10). This result is consis-
tent with above analysis. However, GC value FX2→X1

= 4.86 for Model (9) is larger
than GC value FX2→X1 = 4.18 for Model (10), which violates above analysis. In fact,
from n

X2
D→X1

= 0.110 for Model (9), one can see that X1’s past value plays a rather
major contribution to X1’s current value. But this contribution is not considered in GC.
Therefore, causality definition in (15) is much more reasonable, stable and reliable than
GC to reflect real causality between two neurons.



8

(iii) Consider the following two models
{
X1,t = −0.99X2,t−1 + η1,t

X2,t = 0.99X1,t−1 + 0.1X2,t−1 + η2,t
(19)

and {
X̄1,t = −0.99X̄2,t−1 + η̄1,t

X̄2,t = 0.1X̄2,t−1 + η̄2,t
(20)

where η1 and η2 are two independent white noise processes with zero mean and vari-
ances σ2

η1 = 1, σ2
η2 = 0.1, η1,t = η̄1,t, η2,t = η̄2,t and the initial conditions X1,0 =

X̄1,0 and X2,0 = X̄2,0. We can obtain FX2→X1
= 0.092 for both of Models (19)

and (20), n
X2

D→X1
= 0.964 for (19), and n

X2
D→X1

= 0.090 for (20). Figure 2 shows

trajectories −0.99X2,−0.99X̄2, and η1 for one realization of Model (19) and Model
(20). From Figure 2A and 2C one can clearly see that amplitudes of −0.99X2 are
much larger than that of η1 and the contribution from −0.99X2,t−1 occupies much
larger portion compared to that from η1,t, as a result, the causal influence from X2 to
X1 occupies a major portion compared to the influence from η1 and the real strength
of causality from X2 to X1 should have higher value. This fact is real. Our causality
value n

X2
D→X1

= 0.964 for Model (19) is consistent with this fact. Similarly, from

Figure 2B and 2C one can clearly see that amplitude of −0.99X̄2 is much smaller
than that of η1 and the contribution from −0.99X̄2,t−1 occupies much smaller portion
compared to that from η1,t, as a result, the causal influence from X̄2 to X̄1 occupies a
rather small portion compared to the influence from η1 and the real strength of causal-
ity from X̄2 to X̄1 should have smaller value. This fact is also real. Our causality value
n
X2

D→X1
= 0.090 for Model (20) is consistent with this fact. However, GC always

equals to 0.092 for both of Models (19) and (20) and does not reflect such kind of
changes at all, and violates above two real facts.

4 Conclusions

In this paper, on one hand, in time domain we define a new causality from any time
series Y to any time series X in the linear regression model of multivariate time series,
which describes the proportion that Y occupies among all contributions to X . Espe-
cially, we use one simple example to show that both of new causality and GC adopt the
concept of proportion, but they are defined on two different equations where one equa-
tion (for GC) is only part of the other equation (for new causality), thus, new causality
is a natural extension of GC and GC is not the desired causal influence at all. There-
fore, the popular traditional GC cannot reveal the real strength of causality at all and
researchers must be caution in drawing any conclusion based on GC value. By several
simulated examples one can clearly see that our new definition is advantageous over
existing GC.
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