
1. Complete the grammar above for Contexts. 
2. Give all the typing rules and run-time semantics rules. 
3. Prove Type Soundness with the method we have seen in class. 

Assignment: Write a paper in which you

(theorems are repeated in the next slide)

Types T ::= Bool | Int | T ! T | T ⇥ T | List T

Expressions e ::= true | false | if e then e else e

| zero | succ e | pred e | isZero e

| x | �x.e | e e

| he, ei | fst e | snd e

| nil | cons e e | head e | tail e | isNil e

| fix e | letrec x = e in e

| error
Values v ::= true | false | zero | succ v | �x.e | hv, vi

| nil | cons v v

Errors er ::= error
Contexts E ::= complete this part

Error Contexts, F , are just Contexts but without the (try E with e) case.

Fig. 2. The syntax of Fpl contains a number of features that are all handled by our
analysis. This language is not minimal since, for example, recursive types can define
booleans and lists. case e of inlx ) e | inrx ) e is short for case e of inlx )
e | inr y ) e.

Theorem 1. Given a typed language L = (Expressions,Types,Values,Contexts,ErrorContexts,TypingRules,ReductionRules),
if ` L then L is type sound.

Types and expressions are defined by a BNF grammar. Next, language de-
signers decide which expressions constitute values. These are the possible results
of successful computations. Similarly, the language designer may define which
expressions constitute errors, which are possible outcomes of computations when
they fail.

The top part of Figure 3 shows the type system for Fpl. The type system is an
inference rule system for judgements that, in this paper, have the form � ` e : T .
A term that is constructed with the application of a type constructor to distinct
variables is called a constructed type. For example, List T and T1 ! T2 are
constructed types. Int is a constructed type, as well, because it simply has
arity 0. Analogously, expressions like fold e and cons e1 e2 are constructed

expressions. Given a typing rule such as
� ` e1 : T � ` e2 : List T

� ` cons e1 e2 : List T

we say

that the high-lighted List T is the assigned type.

The bottom part of Figure 3 defines the dynamic semantics of Fpl. It is
defined by a series of reduction rules. For a formula e �! e

0, e is the source and
e

0 is the target of the reduction. In a reduction rule such as (r-head-cons),
i.e. head (cons v1 v2) �! v1, we say that the first argument of head is pattern-
matched against the constructed expression (cons v1 v2).

The dynamic semantics of a language is also defined by its evaluation con-
texts, which prescribe within which context we allow reduction to take place.
They are defined with the syntactic category Context of Figure 2. For a context
definition such as cons E e we say that the first argument of cons is contextual.

Error contexts define which contexts are allowed to make the whole compu-
tation fail when we spot an error.

We repeat the statement of type soundness. As usual, �!⇤ is the reflexive
and transitive closure of �!.
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Type Preservation Theorem :
For all expressions e, e0 and types T , if ; ` e : T and e �! e

0 then ; ` e

0 : T

Given a reduction rule e �! e

0, we have to ensure that the types of e and e

0

coincide. However, this rule makes use of variables that can be instantiated to a
plurality of expressions. Ideally, we need to check that

for all �, � ` e : T implies � ` e

0 : T.

Of course, checking all possible type environments is prohibitive. Therefore, our
approach approximates such a check with the use of a symbolic type environ-
ment. We form symbolic type environments out of the typing rules of operators.
For convenience, we simply use the typing premises that we encounter in those
rules. This choice accommodates well the fact that typing premises rely on typ-
ing assumptions themselves. Consider for example the premise �, x : T1 ` e : T2

of (t-abs) and exp = �x.v. Variables have two levels. Typing exp depends on
v, which is the logical variable of the typing rule and ranges over expressions.
In turn, after v is instantiated, it contains a particular variable x of the object
language, and the type of v depends on this variable. To account for this, the
symbolic type environment employs hypothetical typing formulae. For exam-
ple, the symbolic type environment extracted for exp is (�, x : T1 ` v : T2).
The presence of hypothetical typing formulae is axiomatized by the following
equation.

� ` e

0 : T1

�, x : T1 ` e : T2 ⌘ � ` e[e0/x] : T2
(eq-sub)

Given a reduction rule, we give a means to compute both the symbolic type
environment and its symbolic assigned type. There are two steps for those re-
duction rules that eliminate an argument ((1) and (2) below) and one step for
any other reduction rule (only (1)).

(1) Instantiate the typing rule that types the source of the reduction rule.
(2) Instantiate the typing rule that types the eliminated argument of the
reduction rule, if that argument is a constructed expression. The symbolic
type environment contains the typing formulae of the premises of the two
rules combined. The symbolic assigned type is that of (1).

With this main ingredient, we can o↵er a methodology for type preservation.
For each reduction rule, apply the following.

Construct the symbolic type environment � s of the rule and its symbolic
assigned type T . Check whether � s entails that the target of the reduction
rule has the same type T .

We shall see a few examples. Consider the case of head and its elimination
rule head (cons v1 v2) �! v1. We have given the color blue to the target so that

Type Soundness Theorem:
For all expressions e, e0, and types T , if ; ` e : T and e �!⇤

e

0 then either
– e

0 is a value v such that ; ` v : T ,
– e

0 is an error, or
– there exists e

00 such that e0 �! e

00.

Intuitively, when programs are well-typed they end up in a value or an error,
or the computation is simply not finished and continues. A well-typed program
does not get stuck in the middle of a computation, that is, well-typed programs
cannot go wrong (Robin Milner [?]).

3 A Classification of the Operators

A definition of a typed language such as that of Figure 2 does not make important
distinctions between the role of operators. Indeed, cons, unfold and try are
grouped together within the same syntactic category Expressions, even though
they play a very di↵erent role within the language. Operators can be classified
in constructors, eliminators, derived operators, and error handlers.

In this section, we show a method for classifying operators into these classes.
This method will be employed in Section 7 to automatically classify operators
for language specifications given as input.

Constructors Some operators of the language build values of a certain type.
Those operators are called constructors. We recognize them by the following
characteristics.

Constructors have a typing rule whose assigned type is a constructed
type. Each constructor builds one value and each value is built by a con-
structor. Also, constructors have no reduction rules.

In Fpl, true and false are constructors for the type Bool. �x.e is constructor
for the type !, and nil and cons e e are constructors for the type List, to
name a few examples.

Eliminators Eliminators can manipulate values of some type. For example,
head e extracts the first element of the list e when e is reduced to a value.
Some other operators simply inspect the identity of a value such as if operator.
Eliminators have the following characteristics.

The typing rule of eliminators assigns a constructed type to one of their
arguments: this argument is called the eliminated argument. In all the re-
duction rules for eliminators, the eliminated argument is pattern-matched
against a value. For convenience, we say that the rule eliminates that
argument.

For example, the eliminated argument of if is the first and we say that (r-if-
true) eliminates the first argument.

Derived Operators Some operators are not involved in manipulating values at
a primitive level. This is the case of operators such as fix and letrec, for
example. These operators are called derived operators. Derived operators have
the following characteristics.

Derived operators have at least one reduction rule. Also, none of their
reduction rules pattern-matches against a constructed expression.

Error Handlers It is often useful to capture an error produced by a computation
and trigger some remedial action. To this end, programming languages with er-
rors are sometimes augmented with operators that can recognize the occurrence
of errors and act accordingly. These latter operators are error handlers. One of
the most notable examples in programming languages, also present in Fpl, is
try. Error handlers have the following characteristics.

Error handlers have at least one reduction rule in which one of its argu-
ments pattern-matches against an error. Analogously to eliminators, we
call this argument the eliminated argument.

Common Patterns Outside of the classification of operators, languages typically
follow some common patterns for the sake of good design and type soundness.

A value definition such as Values ::= . . . | cons v v tells us that the operator
cons can build a value only under some condition: that its two arguments are
evaluated to values. These are valuehood requirements that dictate when the
definition can be applied. Valuehood requirements are used in error definitions
(see Errors ::= raise v), context definitions (for example, Contexts ::= v E) and
also for firing reduction rules (see fix v �! v (fix v)). We adopt the following

P-Val: Value, error, and context definitions, as well as the firing of
reduction rules can depend only on valuehood requirements.

Also, languages typically conform to the following restrictions

P-NoStep: Values and errors do not have reduction rules.

P-Typ: Each operator has one typing rule and this typing rule assigns
a type to each argument of the operator.

4 A Discipline for the Progress Theorem

In this section we spell out a methodology for ensuring the validity of the progress
theorem. We first repeat its statement below.

An expression e progresses whenever either
– e is a value,
– e is an error, or
– there exists e

0 such that e �! e

0.

Progress Theorem:
For all expressions e and types T , if ; ` e : T then e progresses


