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Asymptotic NotationAsymptotic Notation

What does What does ““the order ofthe order of”” meanmean
Big O, Big O, ΩΩ, and , and ΘΘ notationsnotations
Properties of asymptotic notationProperties of asymptotic notation
Limit ruleLimit rule
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A notation for “the order of”A notation for “the order of”

WeWe’’d like to measure the efficiency of an d like to measure the efficiency of an 
algorithmalgorithm
•• Determine mathematically the resources neededDetermine mathematically the resources needed

There is no such a computer which we can refer to There is no such a computer which we can refer to 
as a standard to measure computing timeas a standard to measure computing time
We introduce We introduce ““asymptoticasymptotic”” notation notation 
•• An asymptotically superior algorithm is often An asymptotically superior algorithm is often 

preferable even on instances of moderate sizepreferable even on instances of moderate size

Typically used for Typically used for asymptotic upper boundasymptotic upper bound
AttentionAttention
•• O(f(nO(f(n)) is a )) is a set set of functionsof functions

PitfallPitfall
•• Traditionally we say                      as used in our Traditionally we say                      as used in our 

text booktext book
•• It really means  It really means  

Definition of big ODefinition of big O
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A graphical view of asymptotic definitionA graphical view of asymptotic definition
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ExampleExample

Prove that following statementsProve that following statements
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What are c and n0?

Several notationsSeveral notations

Logarithm time Logarithm time O(logO(log n)n)
Linear time Linear time O(nO(n))
Quadratic time   O(nQuadratic time   O(n22))
Cubic time        O(nCubic time        O(n33))
Exponential time  Exponential time  O(cO(cnn), c>1), c>1

Order of growthOrder of growth
1,0,)()lg()lg()()(lg >>⊂⊂⊂⊂ + dcdOnnOnnOnOnO nccc εε
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The Maximum ruleThe Maximum rule

LetLet
thenthen

ProofProof
•• the key is the key is max(f(n),g(nmax(f(n),g(n)) <= )) <= f(n)+g(nf(n)+g(n) <= ) <= 

2*2*max(f(n),g(nmax(f(n),g(n))))
ExamplesExamples
•• O(12nO(12n33--5n+nlogn+36) 5n+nlogn+36) 

The maximum rule let us ignore lowerThe maximum rule let us ignore lower--order termsorder terms

,:,
0≥

→ RNgf
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ExampleExample

True or falseTrue or false
•• ?  5 ?  5 = = O(logO(log n)n)
•• ?  log n = O(5)?  log n = O(5)
•• ?  n = O(n?  n = O(n0.60.6logn)  logn)  
•• ? n? n0.60.6logn = logn = O(nO(n))
•• ? n? n88 = O((n= O((n22--3n+5)3n+5)44))
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Definition of ΩDefinition of Ω

ΩΩ is typically used to describe is typically used to describe asymptotic asymptotic 
lower boundlower bound
•• For example, insertion sort take time in For example, insertion sort take time in ΩΩ(n)(n)

ΩΩ for algorithm complexityfor algorithm complexity
•• We use it to give the lower bounds on the We use it to give the lower bounds on the 

intrinsic difficulty of solving problemsintrinsic difficulty of solving problems
•• Example, any comparisonExample, any comparison--based sorting based sorting 

algorithm takes time algorithm takes time ΩΩ((nlognnlogn))

]}0)()()[)(,(|)({))(( 00 ≥≥≥∀∈∈∃=Ω + ncgnfnnNnRcnfng

Example of Ω(n2)Example of Ω(n2)
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The Θ notationThe Θ notation

Used to describe Used to describe asymptotically tight boundasymptotically tight bound
Example: selection sort take time in Example: selection sort take time in ΘΘ(n(n22))

))(())(())(( nfnfOnf Ω∩=Θ

Definition:
)]}()()(0)[)(,,(|)({))(( 210021 ngcnfngcnnNnRccnfng ≤≤≤≥∀∈∈∃=Θ +

Equivalent to:

The Limit RuleThe Limit Rule

Let                                        thenLet                                        then

1.1. IfIf thenthen

2.2. IfIf thenthen butbut

3.3. IfIf thenthen but but 
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ExampleExample
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When c>0

)(ln cnOn∈ for any c>0

(ln n means logen, the text use log)

Semantics of big-O and ΩSemantics of big-O and Ω

When we say an algorithm takes worstWhen we say an algorithm takes worst--case time case time 
t(nt(n) ) == O(O(f(nf(n))), then there exist a real constant ), then there exist a real constant cc such that such that 
c*c*f(nf(n)) is an upper bound for any instances of size of is an upper bound for any instances of size of 
sufficiently large sufficiently large nn
When we say an algorithm takes worstWhen we say an algorithm takes worst--case time case time 
t(nt(n) ) == ΩΩ((f(nf(n))), then there exist a real constant ), then there exist a real constant dd such that such that 
there exists at least one instance of size there exists at least one instance of size nn whose execution whose execution 
time time >= d*>= d*f(nf(n)), for any sufficiently large , for any sufficiently large nn
ExampleExample
•• Is it possible an algorithm takes worstIs it possible an algorithm takes worst--case time case time O(O(nn) ) 

and and ΩΩ((nlognlog nn)?)?
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Practice ProblemsPractice Problems

True or falseTrue or false
•• The algorithm takes time in O(nThe algorithm takes time in O(n22))
•• The algorithm takes time in The algorithm takes time in ΩΩ(n(n22))
•• The algorithm takes time in O(nThe algorithm takes time in O(n33))
•• The algorithm takes time in The algorithm takes time in ΩΩ(n(n33))
•• The algorithm takes time in The algorithm takes time in ΘΘ(n(n33))
•• The algorithm takes time in The algorithm takes time in ΘΘ(n(n22))
•• The algorithm takes worst case time in The algorithm takes worst case time in 

O(nO(n33))
•• The algorithm takes worst case time in The algorithm takes worst case time in 

ΩΩ(n(n33))
•• The algorithm takes worst case time in The algorithm takes worst case time in 

ΘΘ(n(n33))
•• The algorithm takes best case time in The algorithm takes best case time in 

ΩΩ(n(n33))

anAlgorithm( int n)
{

// if (x) is an elementary
// operation
if (x) {

some work done 
by n2 elementary
operations;  

} else {
some work done 
by n3 elementary
operations;

}
}

Definition of o and ωDefinition of o and ω

DefinitionDefinition

Denote upper/lower bounds that are not asymptotically Denote upper/lower bounds that are not asymptotically 
tighttight
ExampleExample

PropertiesProperties
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Relational PropertiesRelational Properties

Transitivity: Transitivity: O, o, O, o, ΩΩ, , ωω,,ӨӨ
Reflexivity: Reflexivity: O, O, ΩΩ, , ӨӨ
Symmetry:Symmetry:
Transpose symmetry (Duality)Transpose symmetry (Duality)

AnalogyAnalogy
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